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Abstract
We calculate the transition form factors of the semileptonic Bc → χc2lν in the
framework of QCD sum rules taking into account the two-gluon condensate correc-
tions. Using the obtained results of form factors we estimate the decay widths and
branching ratios related to this transition at all lepton channels. A comparison of the
obtained results with the predictions of other non-perturbative approaches are also
made. The orders of branching ratios for different lepton channels indicate that the
Bc → χc2lν transition can be studied at LHC using the collected or future data.
PACS number(s): 11.55.Hx, 13.20.-v, 13.20.He
∗e-mail: kazizi@dogus.edu.tr
†e-mail: ysoymak@atilim.edu.tr
‡e-mail: hayriye.sundu@kocaeli.edu.tr
1 Introduction
The heavy-light systems such as Bc mesons are promising frameworks to study the pertur-
bative and non-perturbative aspects of QCD. Among the Bc systems, the mass and lifetime
of the pseudoscalar ground state Bc meson have been measured via different experimental
groups [1–3] and a more precise measurement of these quantities is now available in particle
data group (PDG) [4]. Other possible Bc states (the scalar, vector, axial-vector and tensor)
have not been observed yet, but they are expected to be produced at the Large Hadron
Collider (LHC) in near future. The Bc meson as a doubly heavy quark-antiquark bound
state with explicit flavors constitutes a rich laboratory for examining the QCD potential
models and better understanding the weak decay mechanisms of the heavy flavor hadrons.
This flavor asymmetric ground state (bc¯) is in the focus of much attention compared to
the flavor-neutral heavy quarkonia states since it only decays via weak interactions. These
properties provide a fertile ground for this meson to be in agenda of different experiments.
It is expected that the LHC and super-B experiments will provide more data regarding
the pseudoscalar Bc meson decays. This is a motivation for theoreticians to complete their
studies on the decay channels of this meson.
One of the possible decay channels of the Bc meson is its semi-leptonic transition to
the charmonium χc2 tensor meson which is expected to have a considerable contribution to
the total decay width. Our goal in this article is to study this decay channel and calculate
some related physical quantities. By applying the QCD sum rules as one of the applica-
ble and attractive non-perturbative approaches, we calculate the transition form factors
responsible for the semileptonic Bc → χc2lν transition. In the calculations, we consider
the two gluon condensate contributions and extend the previous theoretical calculations
on these contributions to include the tensor state for the first time. The interpolating
current of the χc2 tensor meson with quantum numbers I
G(JPC) = 0+(2++) includes co-
variant derivatives with respect to position (for more information about the properties of
this meson see [5]), hence we start our calculations in the coordinate space then we trans-
form the calculations to momentum space performing Fourier integrals. To suppress the
contributions of the higher states and continuum, we apply both Borel transformation and
continuum subtraction as necessities of the method. We use the transition form factors,
then, to estimate the decay widths and branching ratios of the transition under consider-
ation for different lepton channels. Note that this transition has been previously studied
via different approaches like covariant light-front quark model (CLFQM) [6], generalized
instantaneous approach (GIA) [7], relativistic constituent quark model (RCQM) [8, 9] and
non-relativistic constituent quark model (NRCQM) [10]. For some other decay channels
of the Bc meson studied via various approaches such as light cone and three-point QCD
sum rules, relativistic quark model, covariant light-front quark model, the renormalization
group method and non-relativistic constituent quark model see [11–31].
The article contains three sections. Next section includes the details of calculations of
the form factors for Bc → χc2lν via QCD sum rules. Section 3 encompasses our numerical
analysis of the form factors and estimation of the decay width and branching ratio of the
decay channel under consideration. This section contains also our concluding remarks.
1
2 QCD sum rules for transition form factors
In this section the details of calculations for the form factors are presented. The Bc → χc2lν
decay channel is based on the tree-level b→ c transition, whose effective Hamiltonian is of
the form
Heff = GF√
2
Vbc c¯γµ(1− γ5)bl¯γµ(1− γ5)ν, (1)
where GF is the Fermi coupling constant and Vcb is element of the CKM matrix. By
sandwiching the effective Hamiltonian between the initial and final states we obtain the
following matrix elements for the vector and axial-vector parts of the transition current
J trµ = c¯γµ(1− γ5)b, parametrized in terms of form factors:
〈χc2(p′) | J tr,Vµ | Bc(p)〉 = h(q2)ǫµναβǫ′νλPλP αqβ , (2)
〈χc2(p′) | J tr,Aµ | Bc(p)〉 = −i
{
K(q2)ǫ′∗µνP
ν + ǫ′∗αβP
αP β[Pµb+(q
2) + qµb−(q
2)]
}
, (3)
where h(q2), K(q2), b+(q
2) and b−(q
2) are transition form factors, ǫ′αβ is the polarization
tensor of the χc2 meson, Pµ = (p+ p
′)µ and qµ = (p− p′)µ.
To calculate the form factors as the main goal of the present paper via QCD sum rules,
we start with the following three-point correlation function:
Πµαβ = i
2
∫
d4xe−ipx
∫
d4yeip
′y〈0 | T {Jχc2αβ (y)J tr,V (A)µ (0)J†Bc(x)} | 0〉 , (4)
where, T is the time ordering product. To proceed we need the interpolating currents of
the initial and final mesonic states. Considering all quantum numbers, their interpolating
currents can be written as
Jχc2αβ (y) =
i
2
[c¯(y)γα
↔
Dβ (y)c(y) + c¯(y)γβ
↔
Dα (y)c(y)], (5)
JBc(x) = c¯(x)γ5b(x), (6)
where
↔
Dµ (y) is a two-side covariant derivative acting on the left and right, simultaneously.
It is defined as
↔
Dµ (y) = 1
2
[
→
Dµ (y)−
←
Dµ (y)
]
, (7)
with
−→D µ(y) = −→∂ µ(y)− ig
2
λaAaµ(y),
←−D µ(y) =←−∂ µ(y) + ig
2
λaAaµ(y). (8)
Where λa are the Gell-Mann matrices and Aaµ(y) are the external gluon fields.
2
From the general philosophy of the QCD sum rules, in order to find the form factors,
we need to calculate the aforesaid correlation function in two different ways. Firstly, we
calculate it in terms of hadronic degrees of freedom called phenomenological or physical
representation. Secondly, we calculate it in terms of QCD degrees of freedom in deep Eu-
clidean region via operator product expansion (OPE). This representation of the correlation
function is called the QCD side. By equating the coefficients of the selected structures from
both sides, QCD sum rules for the form factors are obtained. To suppress the contributions
coming from the higher states and continuum Borel transformation as well as quark-hadron
duality assumption are applied.
By inserting appropriate complete sets of hadronic states into the correlation function
and by isolating the ground state contribution, we obtain
ΠPHY Sµαβ =
〈0 | Jχc2αβ (0) | χc2(p′)〉〈χc2(p′) | J tr,V (A)µ | Bc(p)〉〈Bc(p) | J†Bc(0) | 0〉
(p′2 −m2χc2)(p2 −m2Bc)
+ · · · ,(9)
where, · · · represents the contributions of the higher states and continuum. To proceed we
need to also define the matrix elements
〈0 | Jχc2αβ (0) | χc2(p′)〉 = fχc2m3χc2ǫ′αβ , (10)
and
〈Bc(p) | J†Bc(0) | 0〉 = −i
fBcm
2
Bc
mc +mb
, (11)
where fχc2 and fBc are leptonic decay constants of χc2 and Bc mesons, respectively. Using
all matrix elements given in Eqs. (2), (3), (10) and (11) in Eq.(9), the final representation
of the correlation function for the physical side is obtained as
ΠPHY Sµαβ =
fχc2fBcm
2
Bc
mχc2
8(mb +mc)(p′2 −m2χc2)(p2 −m2Bc)
{
2
3
[
−∆K(q2) + ∆′b−(q2)
]
qµgβα
+
2
3
[
(∆− 4m2χc2)K(q2) + ∆′b+(q2)
]
Pµgβα + i(∆− 4m2χc2)h(q2)ελνβµPλPαqν
+ ∆K(q2)qαgβµ + other structures
}
+ ..., (12)
where
∆ = m2Bc + 3m
2
χc2
− q2,
∆′ = m4Bc − 2m2Bc(m2χc2 + q2) + (m2χc2 − q2)2, (13)
and we have kept only the structures which we are going to select in order to find the
corresponding form factors. Note that for obtaining the above representation of the physical
side, we have performed summation over the polarization tensor using
εµνε
∗
αβ =
1
2
TµαTνβ +
1
2
TµβTνα − 1
3
TµνTαβ , (14)
3
where
Tµν = −gµν + qµqν
m2χc2
. (15)
In QCD side the correlation function is calculated in deep Euclidean region where p2 →
−∞ and p′2 → −∞ via OPE. Substituting the explicit form of the interpolating currents
into the correlation function and contracting out all quark pairs via Wick’s theorem, we
obtain
ΠQCDµαβ =
i3
4
∫
d4x
∫
d4ye−ip·xeip
′·y
×
{
Tr
[
Scac (x− y)γα
↔
Dβ (y)Sabc (y)γµ(1− γ5)Sbcb (−x)γ5
]
+ [β ↔ α]
}
,
(16)
where SQ(x) with Q = b or c is the heavy quark propagator. It is given by [32]:
SQij(x) =
i
(2π)4
∫
d4ke−ik·x
{
δij
6k −mQ −
gsG
αβ
ij
4
σαβ(6k +mQ) + (6k +mQ)σαβ
(k2 −m2Q)2
+
π2
3
〈αsGG
π
〉δijmQ k
2 +mQ 6k
(k2 −m2Q)4
+ · · ·
}
. (17)
Although being very small compared to the perturbative part we include the contribution
coming from the gluon condensate terms as non-perturbative effects. Replacing the explicit
expression of the propagator in Eq. (16) and performing integrals over x and y (the details
of calculations can be found in Appendix A), we find the QCD side as
ΠQCDµαβ =
(
Πpert1 (q
2) + Πnon−pert1 (q
2)
)
qαgβµ +
(
Πpert2 (q
2) + Πnon−pert2 (q
2)
)
qµgβα
+
(
Πpert3 (q
2) + Πnon−pert3 (q
2)
)
Pµgβα +
(
Πpert4 (q
2) + Πnon−pert4 (q
2)
)
ελνβµPλPαqν
+ other structures, (18)
where Πperti (q
2) with i = 1, 2, 3, 4 are the perturbative parts of the coefficients of the selected
structures. They are expressed in terms of double dispersion integrals as
Πperti (q
2) =
∫
ds
∫
ds′
ρi(s, s
′, q2)
(s− p2)(s′ − p′2) , (19)
where the spectral densities ρi(s, s
′, q2) are obtained by taking the imaginary parts of the
Πperti functions, i.e., ρi(s, s
′, q2) = 1
π
Im[Πperti ]. The spectral densities corresponding to four
different Dirac structures shown in Eq. (18) are obtained as
ρ1(s, s
′, q2) =
∫ 1
0
dx
∫ 1−x
0
dy
9
[
mb(4x+ 2y − 1) +mc(8x+ 4y − 3)
]
128π2
,
4
ρ2(s, s
′, q2) =
∫ 1
0
dx
∫ 1−x
0
dy
9
[
−mb(4x+ 2y − 1) +mc(4x+ 2y − 3)
]
64π2
,
ρ3(s, s
′, q2) =
∫ 1
0
dx
∫ 1−x
0
dy
9
[
mb(2y − 1)−mc(1 + 2y)
]
64π2
,
ρ4(s, s
′, q2) = 0. (20)
The QCD sum rules for form factors are attained by matching the coefficients of the
same structures from both sides of the correlation function. After applying double Borel
transformation with respect to the initial and final momentum squared as well as continuum
subtraction, we get the following sum rules for form factors:
K(q2) =
8(mb +mc)
fBcfχc2mBcm
2
χc2
(m2Bc + 3m
2
χc2
− q2)e
m2
Bc
M2 e
m2χc2
M′2
{∫ s0
(mb+mc)2
ds
∫ s′
0
4m2c
ds′ e
−s
M2 e
−s′
M′2 ρ1(s, s
′, q2)θ[L(s, s′, q2)] + B̂Πnon−pert1
}
b−(q
2) =
12(mb +mc)
fBcfχc2m
2
Bc
mχc2
(
m4Bc + (m
2
χc2
− q2)2 − 2m2Bc(m2χc2 + q2)
)em2BcM2 em2χc2M′2
×
{∫ s0
(mb+mc)2
ds
∫ s′
0
4m2c
ds′e
−s
M2 e
−s′
M′2 ρ2(s, s
′, q2)θ[L(s, s′, q2)] + B̂Πnon−pert2
+ e
−m2
Bc
M2 e
−m2χc2
M′2
fBcfχc2m
2
Bc
mχc2(m
2
Bc
+ 3m2χc2 − q2)
12(mb +mc)
K(q2)
}
b+(q
2) =
12(mb +mc)
fBcfχc2m
2
Bc
mχc2
(
m4Bc + (m
2
χc2
− q2)2 − 2m2Bc(m2χc2 + q2)
)em2BcM2 em2χc2M′2
×
{∫ s0
(mb+mc)2
ds
∫ s′
0
4m2c
ds′e
−s
M2 e
−s′
M′2 ρ3(s, s
′, q2)θ[L(s, s′, q2)] + B̂Πnon−pert3
+ e
−m2
Bc
M2 e
−m2χc2
M′2
fBcfχc2m
2
Bc
mχc2(m
2
χc2
−m2Bc + q2)
12(mb +mc)
K(q2)
}
h(q2) =
8(mb +mc)
fBcfχc2m
2
Bc
mχc2
(
m2χc2 −m2Bc + q2
)em2BcM2 em2χc2M′2
×
{∫ s0
(mb+mc)2
ds
∫ s′
0
4m2c
ds′e
−s
M2 e
−s′
M′2 ρ4(s, s
′, q2)θ[L(s, s′, q2)] + B̂Πnon−pert4
}
(21)
where M2 and M
′2 are Borel mass parameters; and s0 and s
′
0 are continuum thresholds in
the initial and final channels, respectively. The function L(s, s′, q2) is given by
L(s, s′, q2) = s′x− s′x2 −m2cx−m2by + sy + q2xy − sxy − s′xy − sy2. (22)
The functions B̂Πnon−perti are very lengthy functions and we present only the explicit ex-
pression of the B̂Πnon−pert1 in Appendix B.
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3 Numerical Results
In this section we numerically analyze the QCD sum rules for form factors obtained in
the previous section and look for the fit functions of the form factors in terms of q2 in
whole physical region, which are then used to estimate the decay width and branching
ratio of the transition under consideration. For this aim we use the following values for
some input parameters: mχc2 = (3556.20 ± 0.09) MeV, mBc = (6.277 ± 0.006) GeV
[4], fBc = (476 ± 27) MeV [33], fχc2 = 0.0111 ± 0.0062 [5], GF = 1.17 × 10−5 GeV−2,
Vcb = (41.2± 1.1)× 10−3 and τBc = (45.3± 4.1)× 10−14 s [4].
In addition to the above input parameters, the sum rules for the form factors include
four auxiliary parameters: two Borel mass parametersM2 andM ′2 as well as two continuum
thresholds s0 and s
′
0. Since these are not physical parameters, the results of form factors
should be practically independent of them. Therefore their working regions are determined
such that the results of the form factors depend weakly on these parameters. The continuum
thresholds are not totally capricious but they are related to the energy of the first excited
state in initial and final mesonic channels. This consideration in our case leads to the
intervals 43 GeV2 ≤ s0 ≤ 49 GeV2 and 15 GeV2 ≤ s′0 ≤ 17 GeV2 for the continuum
thresholds.
The working regions for the Borel mass parameters are obtained by demanding that
the contributions of the higher states and continuum are sufficiently suppressed and the
contributions of the operators with higher mass dimensions are small compared to those
having leading dimensions. These requirements lead to the intervals 12 GeV2 ≤ M2 ≤
24 GeV2 and 6 GeV2 ≤ M ′2 ≤ 12 GeV2, for the Borel mass parameters in initial and final
channels, respectively. In order to see how our results depend on the Borel parameters
we present the dependence of the form factor K(q2), as an example, at q2 = 0 on these
parameters in figs. 1 and 2. From these figures we see that our results not only weakly
depend on the Borel parameters, but also the perturbative contributions exceed the non-
perturbative contributions and the series of form factors are convergent.
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Figure 1: Left: K(q2 = 0) as a function of the Borel mass parameterM2 atM ′
2
= 10 GeV 2.
Right: K(q2 = 0) as a function of the Borel mass parameter M ′
2
at M2 = 20 GeV 2.
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Figure 2: K(q2 = 0) as a function of the Borel mass parameters M2 and M ′
2
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Figure 3: K(q2) as a function of q2 at M2 = 20 GeV 2 and M ′
2
= 10 GeV 2.
Having determined the working regions for the auxiliary parameters we proceed to find
the behaviors of the form factors in terms of q2. Our analysis shows that the form factors
are well fitted to the function
f(q2) = f0 exp[c1
q2
m2fit
+ c2
( q2
m2fit
)2
] (23)
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where the values of the parameters, f0, c1, c2 and m
2
fit obtained using M
2 = 20 GeV2 and
M ′2 = 10 GeV2 for Bc → χc2ℓν transition are presented in the Table 1. As an example we
f0 c1 c2 m
2
fit
K(q2) 0.18 1.46 −0.11 39.40
b−(q
2) −0.038 GeV −2 1.92 70.85 39.40
b+(q
2) −0.056 GeV −2 1.01 70.67 39.40
h(q2) −1.70× 10−4 GeV −2 1.69 1.17 39.40
Table 1: Parameters appearing in the fit function of the form factors.
depict the dependence of the form factor K(q2) on q2 atM2 = 20 GeV2 andM ′2 = 10 GeV2
in Fig. 3, which shows a good fitting of the sum rules results to those obtained from the
above fit function.
Our final purpose in this section is to obtain the decay width and the branching ratio
of the Bc → χc2ℓν transition. The differential decay width for this transition is obtained
as [6]
dΓ
dq2
=
λ(m2Bc , m
2
χc2
, q2)
4m2χc2
(q2 −m2ℓ
q2
)2√λ(m2Bc , m2χc2, q2)G2FV 2cb
384m3Bcπ
3
{
1
2q2
[
3m2ℓλ(m
2
Bc
, m2χc2, q
2)[V0(q
2)]2
+ (m2ℓ + 2q
2)
∣∣∣∣ 12mχc2
[
(m2Bc −m2χc2 − q2)(mBc −mχc2)V1(q2)−
λ(m2Bc , m
2
χc2
, q2)
mBc −mχc2
V2(q
2)
]∣∣∣∣2]
+
2
3
(m2ℓ + 2q
2)λ(m2Bc , m
2
χc2
, q2)
[∣∣∣∣ A(q2)mBc −mχc2 − (mBc −mχc2)V1(q
2)√
λ(m2Bc , m
2
χc2
, q2)
∣∣∣2
+
∣∣∣ A(q2)
mBc −mχc2
+
(mBc −mχc2)V1(q2)√
λ(m2Bc , m
2
χc2
, q2)
∣∣∣∣2]}, (24)
where
A(q2) = −(mBc −mχc2)h(q2),
V1(q
2) = − k(q
2)
mBc −mχc2
,
V2(q
2) = (mBc −mχc2)b+(q2),
V0(q
2) =
mBc −mχc2
2mχc2
V1(q
2)− mBc +mχc2
2mχc2
V2(q
2)− q
2
2mχc2
b−(q
2). (25)
After performing integration over q2 in Eq. (24) in the interval m2ℓ ≤ q2 ≤ (mBc −mχc2)2,
we obtain the decay widths and the branching ratios as presented in Table 2 and Table 3 for
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different lepton channels. We also depict the existing predictions of other non-perturbative
approaches on the branching ratio in Table 3. The results of decay width and branching
ratio at electron channel are very close to those of the µ channel so we only present the
results at µ channel. From Table 3 we read that our result on the branching ratio at µ
channel is exactly the same as the prediction of the NRCQM [10] but it is a bit smaller
compared to the CLFQM [6], GIA [7] and RCQM [8, 9]. In the case of τ channel, our result
is comparable with those of GIA [7] and RCQM [9] but it is considerably greater than those
of CLFQM [6], RCQM [8] and NRCQM [10].
Γ(GeV )
Bc → χc2τντ (3.24± 1.12)× 10−16
Bc → χc2µνµ (1.89± 0.68)× 10−15
Table 2: Numerical results of decay width for different lepton channels.
Bc → χc2τντ Bc → χc2µν
This Work (0.020± 0.007)× 10−2 (0.130± 0.048)× 10−2
CLFQM[6] 0.0096+0.0047−0.0058 × 10−2 0.17+0.09−0.11 × 10−2
GIA[7] 0.029× 10−2 0.19× 10−2
RCQM[8] 0.0082× 10−2 0.17× 10−2
RCQM[9] 0.014× 10−2 0.20× 10−2
NRCQM[10] 0.0093× 10−2 0.13× 10−2
Table 3: Numerical results of branching ratio for different lepton channels.
In summary we have calculated the form factors responsible for the transition of Bc →
χc2lν via QCD sum rules in the present work. We took into account the two-gluon conden-
sate contributions for the first time in the tensor channel. We also used the fit functions
of the form factors in terms of q2 to estimate the decay widths and branching ratios of the
considered transition at different lepton channels. We compared our results of the branch-
ing ratios at different lepton channels with those of the existing predictions via different
non-perturbative approaches. Our results are over all consistent with the predictions of
those non-perturbative approaches in order of magnitudes. We expect that with the col-
lected or future data at LHC, we will be able to study this decay channel in experiment in
near future.
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Appendix A
In this appendix we briefly show how we perform integrals encountered in the calculations.
The types of the integrals are:
I0(a, b, c) =
∫
d4k
(2π)4
1
[k2 −m21]a[(k + p)2 −m22]b[(k + p′)2 −m23]c
,
Iµ(a, b, c) =
∫
d4k
(2π)4
kµ
[k2 −m21]a[(k + p)2 −m22]b[(k + p′)2 −m23]c
,
Iµν(a, b, c) =
∫
d4k
(2π)4
kµkν
[k2 −m21]a[(k + p)2 −m22]b[(k + p′)2 −m23]c
,
Iµνα(a, b, c) =
∫
d4k
(2π)4
kµkνkα
[k2 −m21]a[(k + p)2 −m22]b[(k + p′)2 −m23]c
. (26)
To perform these integrals we use the Schwinger representation of the Euclidean propagator
as
1
(k2 +m2)n
=
1
Γ(n)
∫ ∞
0
dt tn−1e−t(k
2+m2) . (27)
The four-k integral is performed using the Gaussian integral and I0 is obtained as
I0(a, b, c) =
i(−1)a+b+c
16π2Γ(a)Γ(b)Γ(c)
∫ ∞
0
dt1t
a−1
1
∫ ∞
0
dt2t
b−1
2
∫ ∞
0
dt3t
c−1
3
e−∆
(t1 + t2 + t3)2
(28)
where
∆ =
(
t2 − t
2
2 + t2t3
t1 + t2 + t3
)
p2E +
(
t3 − t
2
3 + t2t3
t1 + t2 + t3
)
p′2E +
t2t3
t1 + t2 + t3
q2E + t1m
2
1 + t2m
2
2 + t3m
2
3 .
(29)
Application of the Borel transformations with respect to the p2E and p
′2
E using
Bˆp2
E
(M2)e−βp
2
E = δ(1/M2 − β) , (30)
produces two Dirac Delta functions which help us to perform the integrals over t2 and t3.
Finally, I0(a, b, c) in the Borel scheme is obtained as
BˆI0(a, b, c) = i(−1)
a+b+c
16π2 Γ(a)Γ(b)Γ(c)
(M2)3−a−b(M ′2)3−a−c U0(a+ b+ c− 4, 1− c− b) ,
(31)
where
U0(A,B) =
∫ ∞
0
dy(y +M2 +M ′2)AyB exp
[
−B−1
y
− B0 −B1y
]
, (32)
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and
B−1 =
1
M2M ′2
[
m23M
4 +m22M
′4 +M2M ′2(m22 +m
2
3 − q2)
]
,
B0 =
1
M2M ′2
[
M2(m21 +m
2
3) +M
′2(m21 +m
2
2)
]
,
B1 =
m21
M2M ′2
,
y = −M2 +M ′2(−1 +M2t1) . (33)
Following similar steps, Iµ(a, b, c), Iµν(a, b, c) and Iµνα(a, b, c) are obtained in the Borel
scheme as
BˆIµ(a, b, c) = i(−1)
a+b+c+1
16π2 Γ(a)Γ(b)Γ(c)
U0(a + b+ c− 5, 1− c− b)
×
[
(M2)3−a−b(M ′2)4−a−c pµ + (M
2)4−a−b(M ′2)3−a−c p′µ
]
,
BˆIµν(a, b, c) = i(−1)
a+b+c
16π2 Γ(a)Γ(b)Γ(c)
{1
2
(M2)4−a−b(M ′2)4−a−c U0(a + b+ c− 6, 2− c− b) gµν
+ (M2)3−a−b(M ′2)5−a−c U0(a+ b+ c− 6, 1− c− b) pµpν
+ (M2)5−a−b(M ′2)3−a−c U0(a+ b+ c− 6, 1− c− b) p′µp′ν
+ (M2)4−a−b(M ′2)4−a−c U0(a+ b+ c− 6, 1− c− b) pµp′ν
+ (M2)4−a−b(M ′2)4−a−c U0(a+ b+ c− 6, 1− c− b) p′µpν
}
,
BˆIµνα(a, b, c) = i(−1)
a+b+c+1
16π2 Γ(a)Γ(b)Γ(c)
{
(M2)1−a−b(M ′2)4−a−c U0(a+ b+ c− 7, 1− c− b) pµpνpα
+ (M2)2−a−b(M ′2)3−a−c U0(a+ b+ c− 7, 1− c− b) pµpνp′α
+ (M2)2−a−b(M ′2)3−a−c U0(a+ b+ c− 7, 1− c− b) p′µpνpα
+ (M2)3−a−b(M ′2)2−a−c U0(a+ b+ c− 7, 1− c− b) p′µpνp′α
+ (M2)2−a−b(M ′2)3−a−c U0(a+ b+ c− 7, 1− c− b) pµp′νpα
+ (M2)3−a−b(M ′2)2−a−c U0(a+ b+ c− 7, 1− c− b) pµp′νp′α
+ (M2)3−a−b(M ′2)2−a−c U0(a+ b+ c− 7, 1− c− b) p′µp′νpα
+ (M2)4−a−b(M ′2)1−a−c U0(a+ b+ c− 7, 1− c− b) p′µp′νp′α
+
1
2
(M2)2−a−b(M ′2)3−a−c U0(a + b+ c− 7, 2− c− b) pνgµα
+
1
2
(M2)3−a−b(M ′2)2−a−c U0(a + b+ c− 7, 2− c− b) p′νgµα
+
1
2
(M2)2−a−b(M ′2)3−a−c U0(a + b+ c− 7, 2− c− b) pµgνα
+
1
2
(M2)3−a−b(M ′2)2−a−c U0(a + b+ c− 7, 2− c− b) p′µgνα
+
1
2
(M2)2−a−b(M ′2)3−a−c U0(a + b+ c− 7, 2− c− b) pαgµν
+
1
2
(M2)3−a−b(M ′2)2−a−c U0(a + b+ c− 7, 2− c− b) p′αgµν
}
. (34)
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Appendix B
In this appendix we present the explicit expression for the function B̂Πnon−pert1 , which is
given by
B̂Πnon−pert1 =
−
∫ ∞
0
dt 〈αsG
2
π
〉 exp
[
f(M2,M ′
2
, t)
]{ (M2 −M ′2)
48t2(M2 +M ′2 + t)2
[
2tM ′
2
(mb − 2mc)
− t2mc −mbM ′4 +M2(mb − 3mc)(M ′2 + t)
]
+
1
192t3M2M ′2(M2 +M ′2 + t)
×
[
M8
(
3M ′
2
(mb − 2mc) +mc(4m2c − 4mbmc − 9t)
)
+M4M ′
2
(
17tmcM
′2
− M ′4(mb − 6mc) + t2(21mc − 5mb)
)
+M2
(
6mbM
′8 + 3t2M ′
4
(7mb − 6mc)
+ 4t3m2c(mc −mb) +M ′
6
(4mcm
2
b − 4m3b + 15tmb − 18tmc)
)
−M ′6
(
6mbM
′4
+ 9t2mc +M
′2(4m3c − 4mbm2c + 3tmb − 10tmc)
)
−M ′2
(
2mbM
′8 + 3t2M ′
4
× (3mb +mc) + 4t3m2c(mc −mb) +M ′
6
(4m2bmc − 4m3b + 11tmb + 3tmc)
)]
− tm
3
c
384M4M ′4
(
m2b + 2mbmc + 5m
2
c − q2
)
− m
3
c
192tM2M ′2
(
m2b + 4mbmc +m
2
c − q2
)
− m
2
bM
′4
384t3M4
(
13mbM
′2 +mc(5m
2
b + 10mbmc + 7m
2
c − 4q2)
)
+
1
384t2M2
×
[
M ′
4
(23mb + 6mc)−mbm2c(m2b + 2mbmc + 3m2c) +M ′
2
(3m3b + 18mcm
2
b
+ 31mbm
2
c + 11m
3
c − 2mbq2 − 11mcq2)
]
+
mc
384t2M ′2
[
21M4 +m2c(m
2
b − 6mbmc
+ 3m2c) +M
2(3m2b + 5mbmc + 7m
2
c − 3q2)
]
− m
2
bM
′2
384t2M2
[
2M ′
2
(mb −mc)
+ mc(m
2
b + 8m
2
c − q2)
]
+
m3cM
2
384t2M ′2
(
2M2 −m2b −mbmc − 3m2c + q2
)
− m
2
bM
′6
384t4M4
[
9mbM
′2 +mc(7m
2
b + 6mbmc + 3m
2
c − 3q2)
]
+
m3cM
6
384t4M ′4
(
3M2 +m2b
+ 2mbmc + 5m
2
c − q2
)
+
m2c
384tM4
[
5mbM
′2 −mc(8m2b + 6mbmc + 3m2c − q2)
]
+
m3c
384tM ′4
(
3M2 +m2b +mbmc + 5m
2
c − q2M2sq3t5
)
+
mbM
′2
384t3M2
[
4M ′
4 − 2mbm3c
+ M ′
2
(9m2b + 27mbmc + 4m
2
c − 4q2)
]
+
m3cM
2
384t3M ′2
[
M2(17mc − 3mb)−mc(5m2b
+ 10mbmc + 7m
2
c − 4q2)
]
+
m2c
384M4M ′2
[
4mcq
2 − 5m2bmc − 7m3c + 2mb(t− 5m2c)
]
+
tm3c −m5c
192M2M ′4
+
m2bM
′4
384t4M2
[
3M ′
2
(mb + 2mc)− 2mc(m2b + 4mbmc +m2c − q2)
]
− m
2
cM
4
384t4M ′2
[
M2(2mb + 9mc) + 2mc(m
2
b + 4mbmc +m
2
c − q2)
]
+
13m3c − 5mbm2c
384M2M ′2
14
− m
3
bM
′6
384t5M2
(
m2b + 2mbmc + 3m
2
c
)
+
m3cM
6
384t5M ′2
(
m2b − 2mbmc + 3m2c
)
+
mc
384tM2
×
(
3m2b + 5mbmc + 12m
2
c − 3q2
)
− mc
384tM ′2
(
3m2b + 5mbmc + 18m
2
c − 3q2
)
+
5mbm
2
c
384M4
+
m3bm
2
c
384M6
− m
3
c
192M4
− m
3
c
128M ′4
− mbm
4
c
128M6
+
m5c
192M ′6
+
m5bM
′8
192t5M4
+
m5bM
′10
128t5M6
− mcm
4
bM
′8
128t5M4
+
mbm
4
cM
8
384t5M ′4
− m
5
cM
10
384t5M ′6
+
m5cM
8
192t5M ′4
+
m5bM
′8
96t4M6
+
m5bM
′6
384t3M6
− m
3
bm
2
cM
′6
128t3M6
− m
3
cM
6
128t3M ′4
+
m5cM
6
192t3M ′6
− m
5
cM
4
192t3M ′4
− m
3
bm
2
cM
′4
384t2M6
− m
5
cM
4
384t2M ′6
+
m3bm
2
cM
′2
128tM6
− m
5
cM
2
384tM ′6
− tmbm
4
c
96M6M ′2
− t
2mbm
4
c
384M6M ′4
− t
2m5c
384M4M ′6
+
mbmc
384t5
[
M2M ′
2
mbmc(3mb −mc) +M ′4mb(m2b +mcmb + 3m2c)−M4mc(m2b
+ 3mbmc + 3m
2
c)
]
+
mc
384t4
[
3mbmcM
4 −m2bM ′
2
(M ′
2 −m2b − 6mbmc − 5m2c + q2)
]
− M2
(
mbM
′2(7mc − 5mb) +m2c(7m2b + 6mbmc + 3m2c − 3q2)
)
− 1
384t3
[
23M ′
4
mb
− M4(17mc − 6mb)−mbm2c(m2b + 2mbmc − 3m2c) +M ′
2
(5m3b + 12m
2
bmc + 7mbm
2
c
+ 3m3c − 4mbq2 − 3mcq2) +M2mc(8m2b + 3mbmc − 10m2c − 5q2)− 18M2M ′
2
mb
+ 12M2M ′
2
mc
]
+
1
384t2
[
9M2(mb − 6mc)− 34M ′2mb − 2m3b + 19M ′
2
mc − 16m2bmc
− 24mbm2c − 26m3c + 2mbq2 + 13mcq2
]
+
mb −mc
384t
}
, (35)
where
f(M2,M ′
2
, t) = −2M
2m2c +M
′2(m2b +m
2
c)
M2M ′2
− M
′4m2b +M
4m2c +M
2M ′
2
(m2b +m
2
c − q2)
M2M ′2t
− m
2
c t
M2M ′2
. (36)
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